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Summary

Project: The sphere is a smooth manifold.

Scale:

⇠ 400 lines of code refactor, ⇠ 500 new lines of code in preliminaries

⇠ 300 lines of code for the result

Status: 8 merged PRs to mathlib, 6 open PRs

Foundations: mathlib libraries for smooth functions (times cont diff)
and manifolds, the work of Sébastien Gouëzel
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Abstract
We formalize the de�nition and basic properties of smooth
manifolds in Isabelle/HOL. Concepts covered include parti-
tion of unity, tangent and cotangent spaces, and the funda-
mental theorem for line integrals. We also construct some
concrete manifolds such as spheres and projective spaces.
The formalization makes extensive use of the existing li-
braries for topology and analysis. The existing library for
linear algebra is not �exible enough for our needs. We there-
fore set up the �rst systematic and large scale application of
“types to sets”. It allows us to automatically transform the
existing (type based) library of linear algebra to one with
explicit carrier sets.

CCS Concepts • Theory of computation→Higher or-
der logic; Logic and veri�cation; • Mathematics of com-
puting → Geometric topology.

Keywords Isabelle, Higher Order Logic, Manifolds, Formal-
ization of Mathematics
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1 Introduction
Smooth manifolds is one of the most important concepts in
modern mathematics and physics. Its de�nition opens up
large areas of study such as di�erential topology, Riemann-
ian geometry (leading to general relativity), and symplectic
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geometry (leading to the modern theory of classical mechan-
ics). It also plays important roles in the theory of dynamical
systems and partial di�erential equations. Formalization of
the theory of smoothmanifolds in a proof assistant, therefore,
is an important step towards making interactive theorem
proving applicable to many areas of study.

In addition to its importance in mathematics, formalizing
smooth manifolds is also interesting as a di�cult test case for
proof assistants. Reasoning about smooth manifolds requires
large libraries in both mathematical analysis and linear al-
gebra. Moreover, the prevalent use of subsets and partial
functions, as well as constructions depending on dimension
or points in the manifold, o�er a rigorous test of the proof
assistant’s type system.

In this paper, we describe how to formalize the basic con-
cepts of smoothmanifolds in Isabelle/HOL.We largely follow
chapters 1, 2, 3, and 11 of the textbook Introduction to Smooth
Manifolds by Lee [12], formalizing about one half of the ma-
terial in these chapters. Occasionally, we also refer to other
textbooks such as [5] and [19].

Our developments are available in the Archive of Formal
Proof [9] and consist of about 11k lines of code.

We emphasize that we are formalizing in this paper mani-
folds with a smooth structure, not just topological manifolds,
a simpler concept that has already been formalized in sys-
tems such as Mizar [16]. Moreover, we treat manifolds as
abstract topological spaces endowed with compatible charts,
rather than as subspaces of some Euclidean space. The lat-
ter is done in, for example, Spivak’s Calculus on Manifolds
[18]. The abstract de�nition of manifolds can be conceptually
more di�cult to understand at �rst, and makes de�nition of
concepts such as tangent spaces more involved. However,
it is more natural when it comes to the more advanced ap-
plications, such as the construction of the projective space.
To our knowledge, this is the �rst formalization of abstract
smooth manifolds in any proof assistant.
Part of the di�culty with formalizing smooth manifolds

is that the theory makes extensive use of subsets and partial
functions. In particular, we will need to work frequently with
vector spaces de�ned on a subset of some type. The existing
Isabelle library on linear algebra has theorems mostly about
vector spaces de�ned on the entire type. To deduce theorems
about vector spaces de�ned on subsets in a mostly automatic
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Let’s take a tour of the mathlib manifolds library, using the sphere as our
example.
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Step 1: Local homeomorphisms
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Step 2: Charted space (⇡ topological manifold)
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Step 3: Smooth manifold
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Step 3: Smooth manifold
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Preliminaries

Refactor orthogonal projection library:
I upgrade from linear map to continuous linear map
I change standard hypothesis from (h : is complete (K : set E))

to [complete space K]
I change codomain from E (whole space) to K (subspace)

Notation for orthogonal complement K? and span of a single vector
R · v
Fill gaps in the library:

I Orthogonal complement of the orthogonal complement is itself
I Span of a single nonzero vector has dimension one
I Two unit vectors have inner product < 1, if and only if they are

di↵erent
I etc etc

Practically no new lemmas needed about continuity or smoothness.
Maybe these libraries are complete?
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Further exercises

Make some smooth maps:
I the covering map : R ! S

1

I the Hopf fibration : S3 ! S
2

Put a conformally flat structure on the sphere (i.e., define the
conformally flat groupoid, show that the transition functions belong
to it)

Make other manifolds:
I projective space
I SO(n)
I level sets of submersions
I orbits of free proper Lie group actions

Define submanifolds and quotient manifolds. Show that the sphere is
a submanifold of Rn.

Sphere eversion
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