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Why?
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. Originated from Grothendieck’s Esquisse d'un Programme.

N

. Study solns to polynomial equations using “topological” tools.
3. Interaction between arith and geom highlighted in wft.

4. This can lead to new insight.
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Why?

It's Fun!

+ lkeneshig



Why formalize?

1. Work based on a handful of (relatively elementary, but very
deep) technical results.

2. No low-hanging fruit. Progress made incrementally.
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3. Constructlons Vs, functorlallty
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In7akt|on between different areas of pure math. /Y



Why formalize?

It's Fun!



How?

Valuations are the bridge that allows us to move from the
“topological data” side to the “arithmetic/geometric” side.

Key Reason: Valuations leave a very distinct and recognizable
impression on the structures appearing in the topological side.



Valuation Rings
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Definition

Let K be a field. A valuation ring/(of K) is a subring O such that
for all x € K, one has x € O o x 1  O.

Some objects associated with O: 440 A .
1. The unit group O* = {x: K | x € OAx"1 € O}.
2. The maximal idealm = {x: K | x € OAx ¢ O*}.
3. The principal units 1 + m:={x: K | x — 1 € m}.

O* and 1+ m are both multiplicative subgroups of K*.
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Examples
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Some arithmetic examples:
1. Z(p) :{Ta) \b%pZ} c Q.
2. Zp C Qp.
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Some ge;nfamples k(¢ T) = L([ T3 LJ.]
3. KITIG))= (£ | £(0) # 0} C k(T).
4. K[[TITC k((T)). /“ C“”““‘"” 7/)
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Valuations in mathlib

A byproduct of the perfectoid project?
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Definition /
A valuation on a commutative ring A is a morphism of monoid
oA I, where I is a totally ordered commutative group with 0,
satisfying:
1. vO=0.
2. v(x+y) < max(v(x), v(y)) for all x,y € A.

Valuations usually considered up-to equivalence.



o . K Ky 6

LIS e
Valuation sub- Valuations
rings of K. of K. /N )

{w(/w‘,‘,i { < ’ l‘/\/

i

0.



A\
€ SpecA +
Valuations P p
N valuation on
of A.

Frac(A/p).



Example: Number Fields ﬂtm ( Newy o “Uedn de) !
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K and L number fields. Given ¢ : GaIK ~

1. ¢ induces bijection on decomposition groups.

L—  Gldo-d Clags $Hod

2. Valuations “parameterized” by decomposition groups.

3. Numerical data determined by decomposition groups.

T o L e Lo

4. Local correspondence + numeri¢al dat KIK = L|L.

Lead cFT



|dea: Geometric Function Fields TJ)’E Lo <Tdudud

L=k(X), k=k, dimX >2.

Given HZL(L,ZZ), a graded-commutative ring. wu\)"d‘)bw
1. H*(L, Z) K.(L). Ve A
L 2 Ledne Lode G - ( Suglin)

2. Obtain information about “geometric” valuations.

Ly Toss poshaliy foedigad

3. Vals + Ky(L) = L + K(K) -+ [L* /k* + comb. geom. ]

4. L*/k* + comb. geom. --- (L,+, x).
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K. (F) = T*(f_x) o Val rings of F

Partially Formalized M'Z[
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Future

. Generalize: Z/2 ~ Z/p, Q, Z, Zy.

The Fundamental Theorem of Projective Geometry.
(eventually. . .)

Connect with the Galois-theoretic side of the story:
7st, H*(X, Zy), Gal(K|K), Kummer theory, etc.



