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A Tale of Two Cities

A number field is a finite extension of Q, such as:

I Q
I Q(i)

I Q
(√

2
)

These fields have characteristic 0 and are central to number theory.

A function field is a finite extension of Fq(t), such as:

I F37(t)

I F372(t)

I F37(
√
t)

These fields have characteristic p and arise from projective curves
over finite fields.



A Tale of Two Cities — Completion

Given a prime number p, we can form the field of p-adic numbers
Qp as the completion of Q under the p-adic norm ‖ · ‖p.

Recall that ‖p‖p = p−1.

Similiarly, we can complete Fp(t) under the norm ‖ · ‖t to form
Fp((t)).

Recall that ‖t‖t = p−1.



A Tale of Two Cities — Ring of Integers

The ring of integers of Qp is:

Zp = {x ∈ Qp : ‖x‖p ≤ 1}

It has a unique maximal ideal pZp, and Zp/pZp
∼= Fp.

Similarly, the ring of integers of Fp((t)) is:

FpJtK = {x ∈ Fp((t)) : ‖x‖t ≤ 1}

It has a unique maximal ideal tFpJtK, and FpJtK/tFpJtK ∼= Fp.
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The Question

How can we connect Qp and Fp((t))?
Or, more precisely, how do extensions of Qp and Fp((t)) relate to
each other?



First Attempt

We will try to use the fact that the rings of integers of Qp and
Fp((t)) are linked via the isomorphism Zp/p ∼= FpJtK/t.

Qp Zp Zp/p

Fp((t)) FpJtK FpJtK/t

ring of integers

∼=
ring of integers

But the problem is that Q3(
√

3) and Q3(
√
−3) both produce

F3[x ]/(x2):

Q3(
√

3) Z3[
√

3] = Z3[x ]/(x2 − 3) F3[x ]/(x2)

Q3(
√
−3) Z3[

√
−3] = Z3[x ]/(x2 + 3) F3[x ]/(x2)

r.o.i.

∼=

r.o.i.



The Solution

The solution is to adjoin the (pn)th roots:

Qp

(
p1/p∞

)
Zp

[
p1/p∞

]
Zp

[
p1/p∞

]
/p

Fp((t))
(
t1/p∞

)
FpJtK

[
t1/p∞

]
FpJtK

[
t1/p∞

]
/t

ring of integers

∼=

ring of integers

Then this works, and extensions of Qp

(
p1/p∞

)
correspond to

extensions of Fp((t))
(
t1/p∞

)
, unlike in the case with Qp and

Fp((t)).



What is a perfectoid field?

I Qp comes with a norm ‖ · ‖p with ‖p‖p = 1
p .

I Adjoin (pn)th roots of p and end up with:

Qp

(
p1/p∞

)
:=

∞⋃
n=0

Qp

(
p1/pn

)
I Extend the norm ‖ · ‖p to Qp

(
p1/p∞

)
with:∥∥∥p1/pn

∥∥∥
p

= p−1/pn



What is a perfectoid field?

I The ring of integers of Qp is Zp.
It is characterized by:

Zp = {x ∈ Qp : ‖x‖p ≤ 1}

I Similarly, the ring of integers of Qp

(
p1/p∞

)
is:

Zp

[
p1/p∞

]
:=

∞⋃
n=0

Zp

[
p1/pn

]
I Then Zp

[
p1/p∞

]
/p is a ring of characteristic p for which the

Frobenius homomorphism x 7→ xp is surjective (cf. the
definition of perfect fields where the Frobenius homomorphism
is bijective).



Tilting

Recall our situation:

Qp

(
p1/p∞

)
Zp

[
p1/p∞

]
Zp

[
p1/p∞

]
/p

Fp((t))
(
t1/p∞

)
FpJtK

[
t1/p∞

]
FpJtK

[
t1/p∞

]
/t

ring of integers

∼=

ring of integers

where we have completed the fields under the respective norms.

Note that for example the completion of FpJtK
[
t1/p∞

]
contains:

∞∑
n=0

tn+1/pn

But the quotients are the same.



Tilting

It turns out that one can “construct” FpJtK
[
t1/p∞

]
from

FpJtK
[
t1/p∞

]
/t by:

FpJtK
[
t1/p∞

]
= lim←−

x 7→xp

(
FpJtK

[
t1/p∞

]
/t
)

not unlike how:
Zp = lim←− (Z/pnZ)

and:
FpJtK = lim←− (Fp[t]/tn)



Tilting

So in some sense Fp((t))
(
t1/p∞

)
can be constructed from

Qp

(
p1/p∞

)
by the following procedure:

Qp

(
p1/p∞

)
Zp

[
p1/p∞

]
Zp

[
p1/p∞

]
/p

Fp((t))
(
t1/p∞

)
FpJtK

[
t1/p∞

]
FpJtK

[
t1/p∞

]
/t

ring of integers

∼=

field of fractions

lim←−
x 7→xp

We say that Fp((t))
(
t1/p∞

)
is the tilt of Qp

(
p1/p∞

)
.



Perfection

Recall:
FpJtK

[
t1/p∞

]
= lim←−

x 7→xp

(
FpJtK

[
t1/p∞

]
/t
)

So we say that FpJtK
[
t1/p∞

]
is the perfection of FpJtK

[
t1/p∞

]
/t.

We also have:

Fp((t))
(
t1/p∞

)
= lim←−

x 7→xp
Qp

(
p1/p∞

)
But this is only as monoids, i.e. the isomorphism does not preserve

addition. We say that Fp((t))
(
t1/p∞

)
is the monoid-perfection of

Qp

(
p1/p∞

)
.



Formalization — Ring of Integers

What do we mean by:

Zp = {x ∈ Qp : ‖x‖p ≤ 1}

What if we define Zp differently?
How can we still relate Zp and Qp?
Answer: Characteristic predicate.

src/ring_theory/valuation/integers.lean in mathlib
commit a6633e5:



Formalization — Ring of Integers

ibid.:

ibid.:



Formalization — Perfection

src/ring_theory/perfection.lean in mathlib commit
a6633e5:

ibid.:


